
Rey : Ch -4
- Consider nonlinear Sys .

I - fcx)

• Steph : look for eqlb . points
.

f- CX ) - o

- Step 2 : limeasize around eeelb. point-

É - A 2-

where A- 0¥ cxe)
4 eqlb . point.

① if Rect)< • It eigenvalues of A
then ✗e is AS

In fact, it is exp . stable.

② if Rech >o for some ✗ Than . 4.7
-

then ✗e is unstable



what can't linearization answer?
- What if Rev) -0 leg . I - - ✗3)
- No global conclusion

-

No region of attraction !

Steph : Lyapunov function method.

find ✓ s.to Va) ↳ o it ✗ &o and VCD -0

① if ¥ so it✗ c-D ⇒ stable

② if ion ↳ HED- {o} -7 AS

③ if ion <☐ A ✗ GIR
"
- Go} @ GAS

and 11cm→ • as x×u→w
-1hm

.
4.1

Thin
.
4.2

→ What if Ñc✗, so '

(No strict inequality)

step 4 : LaSalle 's invariance principle .

Thin. 4.4

-

If 1%0×140 • let E- { *api ; ¥-0}
Then

,
all bounded solutions ✗it] → M

the largest invaÑt set in E



Step -5 : exponential convergence thin 4.10

1411m¥ cN£kzH✗Ñ
and item g- Kzuxui

HAD → exp stable

If D-R^ ⇒ globally exp stable

-

what we did not career?

- How to use Lyapunov function to show
unstable Cthm. 4.3 )

-
Time -varying systems I- fit,✗)

Vct,✗) , Ican -8¥ + fatal

section 4.5

- Converse Lyapunov thm .

existence of Lyapunov time for stable

systems . See
. .
4.7



Gradientflow :

-
Motivation : optimization in continuous- time

- Let J :1Ñ→1R be c
'

- A paint ✗
^
is global min of Jax , if :

JCM) 2- JCM 4- ✗ c-IR
"

- Necessary condition : If -0

where
☐JCM -/ %¥

""

] is the gradient
!

1%-9×0"
- gradient descent algorithm to find the min

✗Kai = ✗K - UT FCXK) , Kent, 2, - -

- Continuous-time limit as y→o

* - -178017 , ✗cos - Xo



- Find the eqlb . points
→

critical points .

E-{XEIÑ; TIFCX )⇐ so}→ all points where

derivative is £0M

ga,e.g . Fa) - ✗3- ☒ Joo
^

☒JCM -3×2-1 -o #÷:-> ✗ - IF

• Lineorize around eqlb . points . ✗e

A⇐ - ¥11T-81=-1%8 - [ §¥qao]exes Chet

-
If Reid > o it all eigenvalues of A ⇒ exp stalk

#
A- ÑJc✗e) is p.cl. matrix

*
✗e is a local minimizer.



Ée: 8cm - ✗3-✗

08am -3×2-1 - ✗e%+§ , ft
028cal - 6× a

local min

¥Jc✗e" ) > o ⇒ exp stable

1%84693<0 ↳calmed
→ unstable

Lyapunov functions

case Fcxs - 8*30

-→
Ñ a)← 8¥ I *- ☐Fast 178 as

- - 111780411? ¥0

← By LaSalle cthm
.
4.4.)

any bounded soil. ✗its →E- {XEIÑ : ☐Fines}
the largest invariant set in E is E

-7 ✗ it) converges to a critical point



I

- We need to assume more m Jcx)

in order to conclude convergence to ✗
*

Fat
Conxexhenetims : ¥¥É_→- J :iÑ→1R is convex if

FCX ✗ ✗ a-Ny ) 2- ✗JCM -14-D8 HAY
4- ✗ c-GiB

-
IF JEC

'

,
this is equivalent to

JCY) > Jas -1 ITFCXFCY - x) Hay

- For Connex functions,

✗
←

is global min ⇐> Ñ8cXe ) -0

proof:
- ⇐1 is a necessary condition for optimality

- (E) Suppose itgas -o -3

JCYP > Jcxlavttcricy-✗I ⇐Jai Hy
I



- Assume J is convex and try Lyapunov fume.

VCXI - 1-211×-5^112
-3 Icn - - CX- ✗9178cm

- (✗% ✗ITITFCX)

-By convexity , Jci) 38cm + ñJcÑc✗%✗)

→ Icm E- from -8cm) ⇐ 0

¥ - o -> Jun - Jae)*

-3 ✗ is also a global nmin.

E- { ✗aÑ; Italo } - { all global minimizes}

E is largest invariant set because

* -ITJCN - o if ✗ is global min

→ ✗cts → a global minimizer .



- Can we have a rate of convergence ?

ion s - (Jcxi - Jcx9)

integrate wiohtine
+ t

-7 VCXHD-vcxay-f.ie/csnds4-f.JcxcsD-Jcx9ds
t

→ f- fotcxcssds - JADE #cxcm) -#HAD
4¥41 -⇒×.-✗Ti

Because Jcxcsi) is decreasing
⇒ *

Jaunt -80×91 # ↳ Jcxaids - Fci) £ ¥1K. -✗
←Ñ

⇒ Fkcñ-Fa9s¥aa-ÑÑ-T
-

-

-

In order to have exp convergence,

we need stronger assumptions .



stromgconxexitg-%3D.rs S.t.

Jcy ) 78cm + ITJCXFCY - X) + ¥114-✗U2
*Xy

Let 11cm -1-211×-11^-112

→ Ñcx) - - c✗-×ÑIJa)

E- CJCX ) - Fci)) - Eux -x←Ñ

E-✗ Cx)
Comparison - lemme

→ Vacant e-
*
Vaca,)

→ was - ✗912£ eft Wun - ✗← IF
-

exponential convergence


